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Abstract--We study an MHD system consisting of the stationary Maxwell equations coupled 
with the transient Navier-Stokes equations. We prove that a solution exists and is unique for small 
time and small data. We show that the system may become ill-posed as soon as the fluid velocity 
becomes too large. ~) 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
We wish to report here on a mathematical study of a system of partial differential equations 
related to a magnetohydrodynamic (MHD) problem. The MHD equations we consider model 
the behaviour of an homogeneous incompressible conducting viscous fluid subjected to a Lorentz 
force due to the presence of a magnetic field. More precisely, we study a coupling between the 
transient Navier-Stokes equations and some stationary Maxwell equations. Such a system arises 
for instance in the modelling of an industrial process when the magnetic phenomena re known 
to reach their steady state "infinitely" faster than the hydrodynamics phenomena. 
Many mathematical works have been devoted to the study of various MHD problems and we 
refer to [1] for a detailed overview. 
In the present work, the difficulty is that the ellipticity of the stationary equation for the 
magnetic field B (see (1) below) depends on the velocity field u, whose evolution is ruled by 
the transient Navier-Stokes equations. Briefly speaking, if the velocity becomes too large, the 
system may become ill-posed. If the physical data are small enough, we can however prove (see 
Theorem 1 below) that a strong solution exists and is unique at least on a time interval [0, T*] for 
some time T* depending on the data. As soon as the magnetic operator is no longer invertible 
which may occur if the velocity becomes too largc we are able to construct two distinct solutions 
to the system (see Section 3). However, it is an open question to show that the operator does 
indeed become not invertible. Such an observation shows that the model we study here should 
be used carefully in numerical simulations. 
We only give in the sequel the precise statement of our main result and the headlines of its 
proof. The comprehensive proof as well as further details and additional references may be found 
in [2]. 
*Author to whom all correspondence should be addressed. 
0893-9659/99/$ - see front matter ~) 1999 Elsevier Science Ltd. All rights reserved. 
PII: S0893-9659(98)00172-4 
Typeset by ~4~5-TF_/X 
54 J.-F. GERBEAU AND C. LE BRIS 
2. EX ISTENCE AND UNIQUENESS FOR SMALL  DATA 
Let fl be a simply-connected, fixed bounded omain in R 3 enclosed in a C °O boundary F. We 
shall denote by n the outward-pointing normal to ft. The transient/stationary problem we shall 
consider is the following: find two vector-valued functions, the velocity u and the magnetic field b, 
and a scalar function p, defined on ~ x [0, T], such that, on f~ x [0, T], 
Otu + u .Vu  - rlAu = f - Vp  + curlb x b, 
div u -- 0, 
a -1 curl (curlb) = curl (u x b), (1) 
div b = 0, 
with the following initial data and boundary conditions: 
u[t=o = uo, in ~, (2) 
u = 0, on F x [0, T], (3) 
b.n = q, on F x [0, T], (4) 
curl b x n = k x n, on F x [0, T]. (5) 
We use the standard notations Hm(~),  m > 0, for the Sobolev spaces and denote, respectively, 
(LP(f~)) 3 and (Hm(f~)) 3 by LP(K~) and Hm(fl). All these spaces are equipped with their natural 
norms. We shall assume that the initial and boundary data satisfy 
uo • lHI~(f~) nH2(f l) ,  with divu0 = 0, (6) 
In addition, from a physical viewpoint, it is natural to assume that k is the trace on F of the 
gradient of the electrical potential k = aVC]r. 
Let us denote by 
v = {v • d ivv  = 0} ,  
W = {C • HI(a) ,  d ivC = 0, C.nlr = 0}, 
g = {v • L2(~), divv = 0, v.n[r = 0}. 
Let us recall that u.n makes sense in H- I /2(F)  as soon as u • L2(f~) satisfies divu = 0. For 
v • V and C • W, we denote l[v[[v = I]VV[[L2(n) and I[C[[w = [[ curlCHL2(n). It is standard that 
[[.[[y (respectively, [[.[[w) defines a norm (respectively, W) which is equivalent to that induced 
by HI(~) on Y (respectively, W) (cf. [3]). Thus we have for B • W, HBHHI(n) < dl[[B[[w, and 
for 2 < p _< 6, [[B[[Lp(n) < d2[IB[[w. Likewise, for u • V, [[UHL~(a ) < d3[[uHv , where dl, d2, d3 
denote various constants depending on ~. 
We are now able to state our main result. 
THEOREM 1. As soon as the physical data uo, 1/~, a, f ,  q, k axe "small enough" (in a sense 
made precise below), there exists a t ime T* > 0 such that the MHD problem ( I ) - (5)  has a 
unique solution on [0, T*]. This solution satisfies u • L2(0, T*; H2(f~)) (7 Loo(0, T*; Hl(f~)) and 
b • C(0,T*;H 1) N LOO(0, T*; H2(K~)). 
SKETCH OF THE PROOF. 
• Ex is tence.  Let M > 0 and T* be arbitrary for the time being (they will both be fixed in a 
convenient way below). We only suppose here that 
M < (d2d3a) -1. (8) 
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We define a convex set ]CM by 
K~ M = {v • L2(O,T*;V), 
sup tl~(t)llv < M, HVHL~(0,r';H~(n)) < M, HO~vHL~(o,r.;L~(~)) < M}. 
tE[0,T'] 
In view of a classical compactness result (see, for instance, [4, Theorem 2.1]), ]CM is a compact 
set of the Banach space L2(0,T*; V) and K:M is clearly not empty. For ~ • K:M, we define B as 
the unique solution of 
a -1 curl (curl B) = curl (~ x B) q- curl (~ x Bd),  in f /x  [0, T], 
div B -- 0, in f~ x [0, T], 
B.n = 0, on F x [0, T], 
curl B x n = k, on F x [0, T], 
(9) 
where B d is defined by the following standard lifting lemma (see, for instance, [2]). 
LEMMA 2.1. Let q E C(0, T; Hk-1/2(~)) for k = 1 or k = 2, there exist B d E C(0, T; Hk(f~)) and 
a constant d4 such that Bd.n = q on [0, T] x F and 
Moreover, we can impose that div Bd(t) = 0 and curl Bd(t) = 0 for t • [0, T]. 
The existence, uniqueness, and regularity of B solution to (9) follow from the following. 
LEMMA 2.2. For ~ • ICM and M satisfying hypothesis (8), the problem (9) has a unique solution 
B • C(O, T; W).  Moreover, we have the following estimates: 
sup HB(t)Hw <_ Otl -[- /31[['U[[L~(O'T;V), (10) 
te[0,T] 1 -- ")'1 J]U[[L~(O,T;V) 
0~1 +/31JI~IIL~<O,T;V) 
[JBI[L~(O,T;W',3(n)) < C~2+~2II~IIL°c(O,T;V) 1-~XII~IIL~(O,T;V) +/32[I~IIL~(O,T;V), (11) 
where 
C~l = dlHkltL~(O,T;H-1/2), /31 = ClaHqHL~(O,T;H1/2), 71 = d2d3cr, 
0~2 = c245 ([[qHLoo(O,T;W4/a,a/2) "Jr-HkHL~(O,T;W1/a.a/2)), 
/32 : c4d5crHqlILoo(O,T;H,/2 )  "/2 : c4dsalIqlIL~(O,T;H1/2). 
The proof of this lemma is based upon a simple application of the Lax-Milgram Theorem which 
yields both existence and uniqueness of B. The estimate (10) is straightforwardly obtained, while 
the estimate (11) is an easy extension (in the nonhomogeneous case) of Proposition 2.1 of [5] (see 
also Lemma 2.1 and Remark 2.3 of [5]). 
We now define 
e (M)=ao+cs  a2+72M~_-7 - - -~  +/32M 1+ 1-~/1M ] '  
where ao = Hf[[L•(O,T;L2(a)) and the constants a~,/3~, and 7~ are defined above. We also define 
the functions #1, #2, and #3 by 
#,(M)2 = 4max ([[Uo[[~/, c~O(M)2)  , (12) 
) #2(M) 2 = ~ Huo[I~,, + e(M)  2 + #I(M) 3 , (13) 
#3(M) -- a0 + ce#2(M) + Cl0#I(M)#2(M). (14) 
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The constants c5, . . . ,  O0 that appear above do not depend on the physical data and need not be 
made precise here. 
A basic argument shows that it is possible to choose the physical data such that the following 
property holds: 
1 
there exists 0 < M < - -  such that #i(M) _< M, i = 1,2, 3. (15) 
Using the estimates (10) and (11), we next show that the force term F = f+(cur lB )  x (B+B d) 
is in Lc~(0,T*;L2(f~)) and that supte[0,T] [[F(t)lIL2(a ) _< O(M). Then, it is proved in [4] that 
there exists a unique divergence-free solution u E L2(0,T*; H2(~)) N L°°(0,T*; H01(~)) to the 
Navier-Stokes equations 
Otu+u.Vu-~Au+Vp=F,  i n~x [0, T*], (16) 
satisfying, moreover, suPtE{0,T, l [[u(t)[[ 2 < /~I(M) 2 ~ M 2, and 
[lullL2(O,T*;H2(f~))  -~ [[U0112 q- ~ IlF(t)]12 dt + # l (M)  3 
<  2(M) 2 < M 2. 
We then deduce from the Navier-Stokes equations that [[OtU[[L2(O,T*;L2(ft)) < M and thus that 
u E /CM. Finally, the Schander Theorem ensures that the application ~ ---- u has a fixed point 
since it maps continuously the convex compact set ]C M of L2(0, T*; V) into itself. 
• Regu lar i ty  of  B. We have just proved that B E C(0,T*;W). We show as in Lemma 2.2 that 
B E C(0,T*;Wl'3(~I)), and therefore we have in particular B e Lcc(0,T*;Lq(~t)), Vq > 0. By 
bootstrapping, we easily deduce that B E L~(0, T*; H2(fl)). 
• Un iqueness .  Since we have regularity, uniqueness i a simple matter of comparing two solutions 
and is left to the reader. | 
REMARK 2.1. An alternative proof of Theorem 1 can be made (see [2]) by observing that the 
MHD system we are studying may be seen as the singular limit when E --* 0 of a system studied 
in [6], namely, 
Otue + ue.Vu e - ~Au e = -Vp  + cur lB e x B e, 
div u ~ = 0, 
(17) 
eOtB ~ + 0 "-1 curl (curlB e) = curl (u ~ x Be), 
div B e = 0, 
in × [0, T]. 
3. REMARK ON THE NONUNIQUENESS 
It has been proven in the previous ection that the MHD problem (1)-(5) has a unique solution 
for small data, at least on an interval [0,T*], T* > 0. The idea of the proof has been to ensure 
the coercivity of equation (9) by controlling the HI (~)  norm of u on [0,T*]. We exhibit in 
this section an example showing the nonuniqueness in the case when the operator T~ : B --* 
curl (curl B) - curl (u × B) is not invertible. 
From now on, we assume for simplicity that k = 0, q = 0, a = 1. Let us assume that for 
some to and some fi = fi(t0, x) (large enough) there exists a divergence-free fi ld/~ ~ 0 satisfying 
curl (curl ) curl( × 
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We emphasize that  we do not know whether to and fi satisfying this property do exist, this 
point is an assumption. I f  we consider the force ] = fi.Vfi - ~}Afi - curl ]~ × ]~, then (fi, 1~) is a 
(stationary) solution to 
Otu + u .Vu  - ~lAu + Vp  = ] + curl B × B, 
div u = 0, (18) 
curl (cur lB)  -- curl (u x B),  
div B = O. 
Next, we define u' as the divergence-free solution to 
Otu' + u ' .Vu '  - VAu' + Vp = ], 
with the "initial" condition u'(to, .) = ~(to, .). 
We finally observe that  (fi, J0) and (u', 0) are different (since/~ ~ 0) while they both satisfy (18) 
on [to, +oo). 
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